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Abstract 
The linear stability of flows with wall slip in microbearings is examined. The analytic expression of the basic flow for 
a narrow gap and the linearized differential equation governing flow instability for the case of axisymmetric 
disturbances are derived by using the Navier slip model. The generalized matrix eigenvalue problem of the flow 
stability is solved based on a Chebyshev collocation method. Neutral stability curves with wall slip are obtained. It is 
shown that, when the slip coefficient representing the degree of slip increases, the stable region expands in the 
instability diagram, showing the stabilizing effect of slip on the flow stability. 
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1. Introduction 
As significant components of micromechanics, microbearings are more prevalent for their special 
advantages than other types, which behave differently compared to their larger cousins. One of the most 
interesting characteristics in micrometer dimensions is the slip flow on the solid wall[1]. It is therefore of 
great interest and significance to establish corresponding physical laws governing the microflow. 
With the research on the evidence and the possible mechanisms of slip, much attention has been given to 
the relationship between flow instabilities and wall slip. Examples include the linear stability of planar 
Poiseuille flow of Newtonian fluids with wall slip in macro- and micro-channels[2]. In addition, the 
stability problems with wall slip were extended to other cases such as flow between two plane porous 
plates with velocity slip[3], shear flows of viscoelastic fluids[4], polymer melts extrusion[5], planar 
Poiseuille flow in incompressible helium II for the normal-fluid part[6], slip flows induced by the 
peristaltic waves propagating along deformable walls of microchannels[7], and convective instability with 
velocity slip[8]. The flow in microbearings is in fact the Taylor-Couette flow between two concentric 
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rotating cylinders, where the wall slip would occur and the slip boundary conditions should be involved. 
However, such a stability problem has seldom been discussed. 
We are here interested in investigating the slip effect on the stability of flows in microbearings, by 
determining the critical values of Taylor number representing instability occurs and its dependence on the 
other parameters. Therefore, based on the axisymmetric disturbance modes[9] and neglecting the endwall 
effects[10], the analytical solution of the velocity field and the linearized differential equation governing 
flow instability for the infinite bearings are derived based on the Navier slip model. Curves of the neutral 
stability boundary and the effect of slip on the flow stabilities are obtained. 
2. Basic flow and disturbance governing equations 
For the flow in microbearings, inner cylinder of radius R1 and outer cylinder of radius R2 rotate at 
constant angular velocities Ω1 and Ω2. Parameters ζ=R1/R2 and κ=Ω2/Ω1 are the radius ratio and the 
angular velocity ratio, respectively. The cylindrical coordinates are taken with the z-axis along the axle of 
the cylinders and r-axis along the radial direction. Navier’s concept of slip is often quoted today if there is 
slip at the walls due to non-continuum effects. It is proposed that the relative velocity of the fluid with 
respect to the wall(slip velocity) is proportional to the wall shear rate, νs=bγw, where b is the slip 
length(slip coefficient) according with no-slip condition on a wall for b=0 and slip flow for b>0[5]. The 
flow tends to slip with increasing b. The length would be scaled with the gap width d=R2-R1. Introducing 
the dimensionless parameter x=2(r-R0)/d, where R0=(R1+R2)/2 is the mean radius of the cylinders and -
1≤x≤1 is the domain of the flow. The velocity distribution must be of the form u=Ar+B/r=rΩ(r), where 
Ω(r)= Ω1g(x)is the angular velocity distribution. Considering the slip coefficient b=βd where β is the 
corresponding dimensionless parameter, the basic flow is now given by   2IA IB
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The modification of the basic flow reflects the velocity-slip effect, which corresponds to the no-slip case 
for β=0. 
If the gap width between the two cylinders is small compared to their mean radius, i.e. d<< R0, we have 
the approximations 1-ζ2≈2ε and 1-ζ3≈3ε for letting ε=1-ζ<<1. The basic flow in the narrow-gap 
approximation becomes 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. In the flow, the basic flow is perturbed slightly by 
the axisymmetric infinitesimal disturbances with normal modes     i, , est kzr ru uT T[ [ c c  , where disturbance 
amplitudes ξr and ξθ only depend on r, and k is the axial wavenumber. s is taken as a complex frequency 
with a positive real part indicating an unstable mode. The linearized governing equations can be 
simplified by the substitution of the disturbance in normal modes and nondimensionalized with respect to 
the gap width. On replacing 2Ad2ξr/ν by ξr for convenience and to first order in ε, the equations in the 
dimensionless forms are 
    2 2 2 2 24D 4D ra a a TG x TV [ [     ,    (1) 
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where a=kd and σ=sd2/ν. D=d/dx stands for the dimensionless derivatives. The Taylor number is defined 
by T=-4AΩ1d4/ν2. Eq. 1 and 2 can be solved subject to the boundary conditions(BCs) 
0   T[[[ rr D for 1r x . 
3. Verification of computational method 
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The instability of the basic solution based on governing Eq. 1-2 and BCs can be transformed to the 
generalized eigenvalue problem written in the functional form σ=σ(a,T,κ,β), and solved by using a 
spectral collocation method based on N-th Chebyshev polynomials, of which a comprehensive description 
can be found in Ref.[11]. The stability of the basic flow is determined by the sign of Re(σmax), the real 
part of the first eigenvalue of the linear system which crosses the imaginary axis. For negative values of 
Re(σmax), the basic flow is stable under disturbances. When Re(σmax) is positive, the steady flow becomes 
unstable and bifurcated secondary flows may appear. For fixed κ, β, and given a, the Taylor number Tc 
for Re(σmax)=0 is computed. The critical Taylor number is given by Tcrit=minTc(a), such that for all Taylor 
numbers below this value the flow is stable to infinitesimal disturbances, and the corresponding value of a 
is the critical wavenumber acrit. The curves in the (T,a)-plane given by Re(σmax)=0 are commonly termed 
neutral stability curves (NSC). The computations are restricted to the cases of β ranging from 0 to 0.2, 
since the results essentially change little for β>0.2. 
Table 1. Most unstable eigenvalues for different collocation point numbers (κ=0.00, a=3.12,T=3380) 
N=30 N=60 N=90 N=120 
-0.03827947889449 -0.03828254288842 -0.03830385032662 -0.03810790242215 
-43.4636677761233 -43.4636672567206 -43.4626109037296 -43.463070716487 
-55.3508525595329 -55.3508529318508 -55.3516714580064 -55.3512917299032 
It is important to ensure the method to not compute spurious modes or to identify spurious modes so that 
they can be ignored in the analysis. Comparing five most unstable eigenvalues for different collocation 
point numbers N=30, 60, 90 and 120 by the Chebyshev collocation method, no spurious eigenvalue is 
found, as is also shown in Table 1. That shows the present method computes the eigenvalues accurately, 
accounting for the method’s utility. The absolute values of the eigenvalues are so large that it indicates 
the rapidly exponential attenuation of the disturbances. Throughout this work, the number of collocation 
points used for the computation of the linear stability is N=30, which provides four exact figures in the 
values of the first eigenvalue. 
4. Effects of wall slip on flow instabilities 














Figure 1. Critical Taylor number Tcrit at the onset of 
instability as a function of κ for slip coefficient β 
ranging from 0 to 0.2 

















Figure 2. Disturbance wavelength manifested at the onset 
of instability as a function of κ for slip coefficient β 
ranging from0 to 0.2 
In Figure 1 and Figure 2, the critical values of Tcrit and acrit are given, as a function of κ for slip coefficient 
ranging from 0 to 0.2. The vertical coordinate in Figure 1 represents the values of log Tcrit. In the range of 
-3≤κ<1,  Tcrit shows an increasing dependence onβ, and the increase of Tcrit with β extends with κ 
decreasing from 1 to -3 correspondingly. The wall slip increases the values of Tcrit and postpones the 
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onset of instability. However, it can be seen from Figure 2 that with increasing β, acrit is unchanged for 
0<κ<1, decreases for -1<κ≤0, keeps fixed for κ=-1, and increases for -3≤κ<-1, where the transverse axis 
shows the disturbances wavelength 2π/acrit. The influence of wall slip on the flow stability may also easily 
be seen in the following analysis. 





























Figure 3. NSC under slip coefficients ranging from 0 to 0.2 for (a) κ=-0.9 and (b) κ=-2. 
Furthermore, Figure 3 shows the NSC of Taylor-Couette flow for various values of slip coefficients β 
when κ=-0.9 and κ=-2. The NSC in Figure 3 is only given in the range of -1<κ≤0 and -3≤κ<-1, because 
the change of Tc with β in the scope of 0<κ<1 for given a is small. The region on the left of the boundary 
is stable while on the right corresponds to instability of flows for a given value of κ. It can be seen from 
Figure 3 that the stable region in the parametric plane of the Taylor number and the wavenumber extends 
as the slip coefficient increases for a given κ. That is to say wall slip significantly shifts the NSC towards 
larger values of the Taylor number, revealing the stabilizing effect of wall slip on the linear stability. 
5. Conclusions 
The linear stability of flows contained in a narrow gap between two concentric rotating microbearings in 
infinite length is examined. For the slip flow, the critical Taylor number and the corresponding critical 
wavenumber for the onset of instability are presented as a function of angular velocity ratio for various 
slip coefficient. In addition, the NSC for different values of slip coefficient and angular velocity ratio are 
obtained in the parametric plane of the Taylor number and the wavenumber. It is shown that wall slip 
plays stabilizing role on the flow stability. 
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